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Abstract 
The development of column interaction diagrams for unconfined concrete is a standard 
analysis procedure. However, the need to develop analysis tools for the actual ultimate capacity 
of columns is evident. Modern codes and standards are introducing the need to perform extreme 
event analysis. In previous studies, various models were implemented to assess the ultimate 
confined capacity of columns under concentric axial loads. On the other hand, the effect of 
confinement in case of the eccentric axial load and the corresponding bending moment are not 
investigated in such models. So it is demanded to relate the strength and ductility to the degree of 
confinement utilization in a new model. The more the eccentricity the less the confinement 
engaged till the effect of the confinement vanishes at pure bending. Accordingly, the ultimate 
confined strength and the maximum strain range between the fully confined values f’cc and εcu (at 
zero eccentricity) and the unconfined values f’c and 0.003 (at infinite eccentricity) depending on 
the level of eccentricity. 
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Where     ccf = ultimate confined strength for the eccentric column. 
                H   = diameter of the column. 
                 
Radial loading with constant eccentricity is followed in the nonlinear moment of area 
concept that considers the finite layer procedure and the secant stiffness approach, to achieve 
 equilibrium points of P-ε and M-ϕ up to failure. Three different comparisons are made to ensure 
the accuracy of the analysis. The first is to compare the unconfined analysis results with the well-
known software (CSI-Section Builder). Secondly, the ultimate capacity of the confined section is 
compared with experimental data. Finally, the new eccentricity model is compared with the 
widely used Mander model, which is applicable to concentric columns, to examine the accuracy 
versus safety. 
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CHAPTER 1 - Introduction 
   1-1 Background 
The importance of the analysis of circular columns to predict their load carrying capacity 
was recognized by the architects of the Roman Empire. The analysis of reinforced concrete 
circular columns is subject of interest since the turn of the twentieth century up to now. Despite 
the early introduction of the concept of confinement and its effects and despite the extensive 
research effort to model this phenomenon accurately, the analysis of confined concrete has not 
found its way to design practice of new columns or assessment routines of existing columns. It 
wasn’t until very recently that design specifications and codes of practice, like AASHTO LRFD, 
started realizing the importance of introducing extreme event load cases that necessitates 
accounting for advanced behavioral aspects like confinement. Accordingly the literature is still 
lacking analysis tools that take into account confinement despite the availability of all kinds of 
confinement models. 
   1-2 Objectives 
This study is intended to develop a 3-step analysis of reinforced concrete circular 
columns subjected to eccentric loading. First, the well-known ultimate capacity analysis of 
unconfined concrete is developed as a benchmarking step. Secondly, the unconfined ultimate 
interaction diagram is scaled down based on the Ф factors of the AASHTO LRFD to the design 
interaction diagram. Finally, the actual confined concrete ultimate analysis is developed based on 
a new eccentricity model accounting for partial confinement effect under eccentric loading. It is 
important to note that the present analysis procedure will be benchmarked against a wide range 
of experimental and analytical studies to establish its accuracy and reliability. 
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It is also the objective of this study to furnish interactive software with a user-friendly 
interface having analysis and design features that will facilitate the preliminary design of circular 
columns based on the actual demand. 
    1-3 Scope 
This thesis is composed of seven chapters covering the development of material models, 
analysis procedures, benchmarking and practical applications. 
Chapter one introduces the work highlighting the objectives and scope of the report. 
Chapter two details the literature reviews as it relates to the confinement models, experimental 
and analysis studies addressing the behavior of circular columns and the software available in the 
market to analyze and design the same type of columns. Chapter three describes the current 
confinement models used for concentric and eccentric loading in the present analysis procedures. 
Chapter four presents the formulation of the unconfined and confined analysis methods of the 
circular concrete columns cross sections. Chapter five is all about reporting on the results and 
comparisons providing the necessary discussions and comments. Chapter six briefs the reader on 
the software development, program interface deign and features. Chapter seven lists the 
conclusions and provides recommendations for future relevant work.   
. 
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CHAPTER 2 - Literature Review 
2-1 Overview 
 This chapter is divided into four main sections. The first section reviews the available 
confinement models with brief explanation for each, and viewing the circular confinement 
models. Then, experimental studies for columns, under concentric and eccentric load, take place. 
The third part covers eccentricity participation in literature. Finally, . The last section shows 
numerical and mathematical analysis done for unconfined and confined concrete analysis 
2-2 Confined Models 
Failure of reinforced concrete structures can be categorized by material failure, 
mechanical failure or combination between material and mechanical failure. Unlike the simple 
approach used for analyzing the behavior of plain concrete, the more complicated analysis of 
confined concrete has been conducted for about a hundred years and many models have been 
proposed. In 1899, Considere(Martinez et al. 1984).  was the first to suggest the beneficial effect 
to confine axially loaded columns with spiral confinement. Morsch, Talbot, Bach, Graf, Withey, 
Emperger and Von Thullie made many contributions between 1900 and 1916(Martinez et al. 
1984).  The mother source equation for most of the models is having the form  
lccc kfff += '                                                                                                                               (2-1)                                                  
where the maximum confined strength fcc is related to the peak unconfined strength f’c and the 
effective lateral confined pressure fl with a coefficient k. This coefficient varies based on the 
concrete mix and the lateral confinement pressure and it was derived or obtained from the 
analytical and experimental work. The confinement models available in the literature are 
presented chronologically regardless of their comparative importance. Common notation is used 
for all the equations for the sake of consistency and comparison 
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Richart, Brandtzaeg and Brown (1928) 
Richart et al. Model (Richart et al. 1928) was the first to capture the proportional relation 
between the lateral confined pressure and the ultimate compressive strength. 
lccc fkff 1' +=                                                                                                                             (2-2) 
The average value for the coefficient k1, which was derived from a series of short column 
specimen tests, came out to be (4.1). The strain corresponding to the peak strength εcc is obtained 
from 

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where εcc is the strain corresponding to f’c, k2 is the strain coefficient of the effective lateral 
confinement pressure. No stress-strain curve was proposed by Richart et al.                                                 
 
Chan 1955 
A tri-linear curve describing the stress-strain relationship was suggested by Chan (1955) 
based on experimental work. The ratio of the volume of steel ties to concrete core volume was 
the only variable in the experimental work done. Chan assumed that OA approximates the elastic 
stage and ABC approximates the plastic stage. 
Figure 2-1 General Stress-Strain curve by Chan 
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Blume, Newmark and Corning (1961) 
Blume et al. (1961) were the first to impose the effect of the yield strength for the 
transverse steel fyh in different equations defining the model, The model generated has ascending 
straight line with steep slope starting from the origin till the plain concrete peak strength f’c and 
the corresponding strain εco, then a less slope straight line connect the latter point and the 
confined concrete peak strength fcc and εcc 
ah
fAff yhsccc 1.485.0 ' +=                                                                                                             (2-4) 
psi
psif c
co 6
'
10
40022.0 +
=ε
                                                                                                               (2-5) 
ycc εε 5=
                                                                                                                                    (2-6) 
where εy is the strain at yielding for the transverse reinforcement, As is the cross sectional area of 
transverse steel reinforcement and h is the cross section height. 
 
 Roy and Sozen (1965) 
          Based on their experimental results, which were controlled by two variables; ties spacing 
and amount of longitudinal reinforcement, Roy and Sozen (1965) concluded that there is no 
enhancement in the concrete capacity by using square ties. They proposed a bilinear ascending-
descending stress strain curve that has a peak of the maximum strength of plain concrete f’c and 
corresponding strain εco with a value of 0.002. On the other hand there was significant increase 
in ductility. The ultimate strain εcu was suggested to be a function of the volumetric ratio of ties 
to concrete core ρs, tie spacing s and the effective height of the cross section h. 
s
hs
cu 4
3ρ
ε =
                                                                                                                                 (2-7) 
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Soliman and Yu (1967) 
 Another model emerged from experimental results. The main parameters involved in the 
work done were tie spacing s, a new term represents the effectiveness of ties so, the area of ties 
As, and finally section geometry, which has three different variables; Ab the area of bond concrete 
under compression, Ac the area of concrete under compression and b which represents the 
effective width of the section. The model has three different portions as shown in Figure (2-2). 
The ascending portion that is represented by a curve till the peak point (f’c, εce). The flat straight-
line portion with its length varying depending on the degree of confinement. The last portion is a 
descending straight line till (0.85 fcc, εcf) then it extends down till the maximum strain. 
Figure 2-2 General Stress-Strain curve by Soliman and Yu. 
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Where q refers to the effectiveness of the transverse reinforcement. 
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Sargin (1971) 
Sargin conducted experimental work on low and medium strength concrete with no 
longitudinal reinforcement. The transverse steel that was used had different size and different 
yield and ultimate strength. The main variable affected the results were the volumetric ratio of 
lateral reinforcement to concrete core ρs, the strength of plain concrete f’c, the ratio of tie spacing 
to the width of the concrete core and the yield strength of the transverse steel fyh. 
( )
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where D is a constant controlling the slope of the descending branch: 
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'
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Where k3 is concentric loading maximum stress ratio. 
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Kent and Park (1971) 
 As Roy and Sozen (1965) did, Kent and Park (1971) assumed that the maximum strength 
for confined and plain concrete is the same f’c. The suggested curve starts from the origin then 
increases in a parabolic shape (Hognestad’s Parabola) till the peak at f’c and the corresponding 
strain εco at 0.002. Then it descends with one of two different straight lines. For the confined 
concrete, which is more ductile, it descends till the point (0.5 f’c, ε50c) and continues descending 
to 0.2f’c followed by a flat plateau. For the plain concrete it descends till the point (0.5 f’c, ε50u) 
and continue descending to 0.2f’c as well without a flat plateau. Kent and Park assumed that 
concrete could sustain strain to infinity at a constant stress of 0.2 f’c
 
Figure 2-3 Stress-Strain curve by Kent et al. 
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where ρs is the ratio of lateral steel to the gross sectional area, z is constant controlling the slope 
of descending portion. 
  Vallenas, Bertero and Popov (1977) 
 The variables utilized in the experimental work conducted by Vallenas et al. (1977) were 
the volumetric ratio of lateral and longitudinal steel to concrete core ρ”, ratio of longitudinal steel 
to the gross area of the section ρl, ties spacing s, effective width size and strength of ties and size 
of longitudinal bars. The model generated was similar to Kent and Park model with improvement 
in the peak strength for confined concrete. For the ascending branch: 
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where k is coefficient of confined strength ratio, z is the slope of descending portion, d and d’ are 
the diameter of longitudinal and transverse reinforcement respectively. 
  
Wang, Shah and Naaman (1978) 
 Wang et al. (1978) obtained experimentally another stress strain curve describing the 
behavior of confined reinforced concrete under compression. The concrete tested was normal 
weight concrete ranging in strength from 3000 to 11000 psi and light weight concrete with 
strength of 3000-8000 psi. Wang et al. utilized an equation, with four constants, similar to that of 
Sargin et al.  
Figure 2-4 Proposed Stress-Strain curve by Wang et al(1978). 
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The four constant A, B, C, D were evaluated for the ascending part independently of the 
descending one. The four conditions used to evaluate the constants for the ascending part were 
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where fi and εi are the stress and strain at the inflection point, f2i and εi refer to a point such 
that   cciii εεεε −=−2 . 
Scott, Park, Priestly (1982) 
 Scott et al. (1982) examined specimens by loading at high strain rate to correlate with the 
seismic loading. They presented the results including the effect of eccentricity loading, strain 
rate, amount and distribution of longitudinal steel and amount and distribution of transverse 
steel.  For low strain rate Kent and Park equations were modified to fit the experimental data 
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for the high strain rate, the k and Zm were adapted to 
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and the maximum strain was suggested to be: 
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It was concluded that increasing the spacing while maintaining the same ratio of lateral 
reinforcement by increasing the diameter of spirals, reduce the efficiency of concrete 
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confinement. In addition, increasing the number of longitudinal bars will improve the 
concrete confinement due to decreasing the spacing between the longitudinal bars. 
 
 Sheikh and Uzumeri (1982) 
 Sheikh and Uzumeri (1982) introduced the effectively confined area as a new term in 
determining the maximum confined strength. In addition to that they, in their experimental work, 
utilized the volumetric ratio of lateral steel to concrete core, longitudinal steel distribution, 
strength of plain concrete, and ties strength, configuration and spacing. The stress-strain curve 
was presented parabolically up to (fcc, εcc), then it flatens horizontally till εcs, and finally it drops 
linearly passing by (0.85fcc, ε85) till 0.3 fcc, In that sense, it is conceptually similar to the earlier 
model of Soliman and Yu (1967). 
Figure 2-5 Proposed general Stress-Strain curve by Sheikh and Uzumeri . 
 
 
fcc and εcc can be determined from the following equations: 
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Where b is the width of the cross section, f’s is the stress in the lateral confining bar and c is 
center-to-center distance between longitudinal bars. 
 
 Ahmad and Shah (1982) 
 Ahmad and Shah (1982) developed a model based on the properties of hoop 
reinforcement and the constitutive relationship of plain concrete. Normal weight concrete and 
lightweight concrete were used in tests that were conducted with one rate of loading. No 
longitudinal reinforcement was provided and the main two parameters varied were spacing and 
yield strength of transverse reinforcement. Ahmed and Shah observed that the spirals become 
ineffective when the spacing exceeds 1.25 the diameter of the confined concrete column. They 
concluded also that the effectiveness of the spiral is inversely proportional with compressive 
strength of unconfined concrete. 
 Ahmad and Shah adapted Sargin model counting on the octahedral failure theory, the 
three stress invariants and the experimental results: 
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where fpcs is the highest principal compressive stress, fpcn is the highest principal compressive 
strength, εi is the strain in the i-th principal direction and εip is the strain at the peak in the i-th 
direction.
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E
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p
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Ei is the initial slope of the stress strain curve, Di is a parameter that governs the descending 
branch, and fp is the highest principal compressive strength. When the axial compression is 
considered to be the main loading, which is typically the case in concentric confined concrete 
columns, Equations (2-46), (2-47) and (2-48) become: 
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Martinez, Nilson and Slate (1984) 
 Experimental investigation was conducted to propose equations to define the stress strain 
curve for high strength concrete under compressive loading. The main parameters used were 
compressive strength for concrete, amount of confinement and specimen size. Two types of 
concrete where used; normal weight concrete with strength to about 12000 psi and light weight 
concrete with strength to about 9000 psi. Martinez et al. (1984) concluded that the design 
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specification for low strength concrete might be unsafe if applied to high strength concrete. For 
normal weight concrete: 
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and for light weight concrete: 
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d
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where d’ is the diameter of the lateral reinforcement. 
 
Fafitis and Shah (1985) 
Fafitis and Shah (1985) assumed that the maximum capacity of confined concrete occurs 
when the cover starts to spall off. The experimental work was done on  high strength concrete 
with varying the confinement pressure and the concrete strength. Two equations are proposed to 
express the ascending and the descending branches of the model. For the ascending branch: 
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and for the descending branch: 
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The equations for the constant A and k: 
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fcc and εcc can be found using the following equations: 
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fl represents the confinement pressure and is given by the following equation: 
sD
fAf yhsl
2
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D is the core diameter of the column. 
 
 Yong, Nour and Nawy (1988) 
 The model suggested by Yong et al.(1988) was based on experimental work done for 
rectangular columns with rectangular ties. 
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Where m is the number of longitudinal bars. 
 Mander, Priestly and Park (1988) 
 Using the same concept of effective lateral confinement pressure introduced by Sheikh 
and Uzumeri, Mander et al. developed a new confined model for circular spiral or rectangular 
ties. In addition Mander et al. was the second group after Bazant et al.(1972) to investigate the 
effect of the cyclic load side by side with monotonic one. 
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Figure 2-6 Stress- Strain Model proposed by Mander et al. 
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Where ke is the effective lateral confinement coefficient: 
cc
e
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Ae is the area of effectively confined concrete, and Acc is area of core within centerlines of 
perimeter spirals or hoops excluding area of longitudinal steel. 
 
Saatcioglu and Razvi (1992) 
Saatcioglu and Razvi (1992). Concluded that the passive lateral pressure generated by 
laterally expanding concrete and restraining transverse reinforcement is not always uniform. 
Based on tests on normal and high strength concrete ranging from 30 to 130 MPa, Saatcioglu and 
Razvi proposed a new model that has exponential relationship between the lateral confinement 
pressure and the peak confinement strength. They ran tests by varying volumetric ratio, spacing, 
yield strength, arrangement of transverse reinforcement, concrete strength and section geometry. 
In addition the significance of imposing the tie arrangement as a parameter in determining the 
peak confined strength was highlighted. 
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Figure 2-7 Proposed Stress-Strain curve by Saatcioglu and Razvi. 
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where c is spacing of longitudinal reinforcement. 
  
Sheikh and Toklucu (1993) 
 Sheikh and Toklucu(1993) studied the ductility and strength for confined concrete and 
they concluded that ductility is more sensitive, than the strength, to amount of transverse steel, 
and the increase in concrete strength due to confinement was observed to be between 2.1 and 4 
times the lateral pressure. 
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Rasheed and Dinno (1994) 
Rasheed and Dinno (1994) introduced a fourth degree polynomial to express the stress 
strain curve of concrete under compression. 
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21 ccccoc aaaaaf εεεε ++++=                                                                                          (2-80) 
They evaluated the constants ao-a4 using the boundry conditions of the stress strain curve. 
Similar to Kent and Park, they assumed no difference between the unconfined and confined peak 
strength. 
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 where  
1=ck   
They used expression taken from Kent and Park to evaluate the slope of the descending 
branch starting at 0.003. A flat straight line was proposed when the stress reaches 0.2 fcc up to 
Ccεcc. Where Cc is the ratio of maximum confined compressive strain to εcc. 
 
 El-Dash and Ahmad (1995) 
 El-Dash and Ahmad (1995) used Sargin et al. model to predict analytically the behavior 
of normal and high strength concrete in one series of equations. They used the internal force 
equilibrium, properties of materials, and the geometry of the section to predict the pressure. The 
parameters imposed in the analytical prediction where plain concrete strength, confining 
reinforcement diameter and yield strength, the volumetric ratio of confined concrete to the core, 
the dimension of the column and spacing.  
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The values of A, B, k1, k2 and fl are defined by the following equations 
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Cusson and Paultre (1995) 
 Unlike all the previous work, Cusson and Paultre (1995) built their model based on the 
actual stress in the stirrups upon failure and they did not consider the yield strength, as the 
experimental work have shown that the yield strength for the transverse steel is reached in case 
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of well confined columns. The ascending and the descending branches in the model curve are 
expressed by two different equations. For the ascending portion 
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For descending one: 
( )( )2501exp kccccccc kff εε −=        ccc εε ≥                                                                               (2-94) 
( ) 2501
5.0ln
k
cccc
k
εε −
=                                                                                                                    (2-95) 
4.1
'
'
2 1658.0 





+=
c
l
f
fk                                                                                                                (2-96) 
where cc50ε  is axial strain in confined concrete when stress drops to 0.5 fcc. 
 Following the same methodology of Sheikh and Uzumeri(1982) and Mander et al. (1988) 
Cusson and Paultre considered the lateral confinement pressure fl. 
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where Asx and Asy are the lateral cross sectional area of the lateral steel perpendicular to x and y 
axes respectively. 
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Where ∑ 2iw  is the sum of the squares of all the clear spacing between adjacent longitudinal 
steel bars in a rectangular section. fcc and εcc can be found by the following equations 
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Attard and Setunge (1996) 
 Attard and Setunge (1996) experimentally determined full stress strain-curve for concrete 
with compressive strength of 60 –130 MPa and with confining pressure of 1-20 MPa. The main 
parameters used were peak stress; strain at peak stress, secant modulus of elasticity, and the 
stress and strain at point of inflection. Attard and Setunge followed the same equation used by 
Wang et al (1978). and Sargin et al (1971): 
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For the ascending branch, the four constant were gained by setting four conditions: 
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while for the descending curve the four boundary conditions were 
1- at 
ccc ff = , 0=
c
c
d
df
ε
 
 2- at 
ccc ff = , ccc εε =  
 3- at ic ff = , ic εε =  
 4- at ic ff 2= , ic 2εε =  
where fi and εi refer to the coordinate of the inflection point. 
The four constant for the descending curve are 
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The fcc came out to be a function of the confining pressure, the compressive and tensile strength 
of concrete f’c, ft, and a parameter k reflects the effectiveness of confinement. 
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Mansur, Chin and Wee (1996) 
Mansur et al. (1996) introduced casting direction, if the member is cast in 
place(vertically) or pre-cast (horizontally), as a new term among the test parameters, for high 
strength concrete, which were tie diameter and spacing and concrete core area. They concluded 
that the vertically cast confined fiber concrete has higher strain at peak stress and higher ductility 
than the horizontally cast specimen. In addition, vertically cast confined non-fiber concrete has 
larger strain than that of horizontally cast concrete with no enhancement in ductility. Mansur et 
al. utilized the same equations found by Carreira and Chu for plain concrete with some 
manipulations, for the ascending branch they used the exact same equation 
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where β is a material parameter depending on the stress strain shape diagram and can be found 
by : 
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k1 and k2 are two constants  introduced in the equation describing the descending branch: 
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for confined horizontally and vertically cast non fiber concrete: 
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for horizontally cast confined fiber concrete 
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and the values of fcc and εcc can be obtained from the following equations: 
for confined non fiber concrete: 
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for confined  fiber concrete: 
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for vertically cast fiber concrete 
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for horizontally cast fiber concrete and vertically cast non fiber concrete 
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and for horizontally cast non fiber concrete 
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Hoshikuma, Kawashima, Nagaya and Taylor (1997) 
 Hoshikuma et al(1997). developed their models to satisfy bridge column section design in 
Japan. The model was based on series of compression loading tests of reinforced concrete 
columns specimens that have circular, square and wall type cross sections. The variables that 
varied in the experimental wok were hoop volumetric ratio, spacing, configuration of the hook in 
the hoop reinforcement and tie arrangement. 
 Hoshikuma et al(1997). asserted that the ascending branch represented in second degree 
parabola is not accurate to satisfy four boundary conditions: 
1- Initial condition fc= 0, εc=0. 
2- Initial stiffness condition dfc/d εc=Ec 
3- Peak condition fc=fcc 
4- Peak stiffness condition dfc/dεc=0 
The function that defines the ascending branch is: 
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For the descending branch: 
( )cccdesccc Eff εε −−=                                                                                                          (2-131) 
where Edes is the slope of the descending line and can be found using the following equation 
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The peak stress and the corresponding strain for the circular section 
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while for the square section 
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Assa, Nishiyama and Watanabe (2001) 
A new model was proposed for concrete confined by spiral reinforcement based on concrete-
transverse steel interaction. The two main parameters were concrete strength and lateral stress-
lateral strain relationship that represents the response characteristics of the transverse steel to the 
lateral expansion of concrete. Assa et al. (2001) modeled a confinement mechanism and limited 
the lateral expansion of the confined concrete with the maximum lateral expansion capacity. 
Assa et al. reached some relationships expressed in the following equations: 
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where εlcu is the maximum lateral concrete strain. The proposed stress-strain curve has one 
equation: 
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where α controls the stiffness of ascending branch and β controls the slope of the descending 
branch: 
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where ε80 is the strain at 0.8fcc 
 Lokuge, Sanjayan and Setunge (2005) 
 A simple stress-strain model was proposed based on shear failure. The model was based 
on the experimental results taken from Candappa 2000. Lokuge et al.(2005) proposed a 
relationship between axial and lateral strain: 
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 where ε’ is a strain at a point where axial strain and lateral strain curves deviate. v is the 
initial Poisson’s ratio, and a is a material parameter which depends on the uniaxial concrete 
strength 
( ) 138.00002.010*8 '2'6 ++= − cc ffv                                                                                       (2-146) 
2818.10177.0 ' += cfa                                                                                                            (2-147) 
2-3 Classification and comparison of Circular spiral confinement Models 
 
As stated by many researches, like Mander et al 1988, Scott et al 1982, Sheikh and 
Uzumeri 1980 and Shuhaib and Mallare 1993, the spirals or circular hoops are more efficient 
than the rectangular hoops. The uniform pressure generated by the circular hoop is one of the 
reasons of Circular spirals advantage. According to Eid and Dancygier 2005, there are four main 
approaches for the modeling confined concrete by lateral ties  
1- The empirical approach: in which the stress-strain curve generated based on the 
experimental results. Fafitis and Shah 1985 and Hoshikuma et al. 1997 
followed that approach for circular reinforced concrete analysis. 
2- Physical engineering model based approach: the lateral pressure, causes the 
confined behavior of the concrete core, is provided by the arch action between 
the lateral reinforcement ties. This approach was adopted by Sheikh and 
Uzumeri 1980, and was followed by Mander et al 1988. 
3- The third approach is based either on the first approach or the second one, but 
it does not assume the lateral ties yielding. Instead, It include computation of 
the steel stress at concrete peak stress, either by introducing compatibility 
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conditions, solved by iterative process as Cusson and Paultre 1995 did, or by 
introducing empirical expressions as Saatcigolu and Razvi  1992 followed. 
4- A plasticity model for confined concrete core introduced by Karabinis and 
Kiousis (1994). The shape of the confined core is based on the arching action. 
According to Lokuge et al 2005, the stress strain models can be classified by three 
categories: 
1- Sargin 1971 based models: Martinez et al. 1984, Ahmad and Shah 1982, Eldash and 
Ahmad 1995 Assa et al. 2001. 
2- Kent and Park 1971 based models: Sheikh and Uzumeri 1982, Razvi and Saatcigolu 
1992.  
3- Popovics 1973 based models: Mander et al. 1988, Cusson and Paultre 1995 and 
Hoshikuma et al. 1997. 
The main circular confined models are Chan 1955, Ahmad and Shah 1982, Martinez 
et al. 1984, Mander et al. 1988, Fafitis and Shah 1985, El-Dash and Ahmad 1995, Cusson 
and Paultre 1995, Hoshikuma et al. 1997 and Assa et al. 2001.  
 
Lokuge comparison (2005) 
 Sargin model was generated empirically from specimens, which did not have 
longitudinal bars. In addition the section geometry and tie configuration were not 
considered in generating the model. Dependently Martinez et al. And Ahmad and Shah 
pursued experimental work with no longitudinal bars and no cover. These conditions are 
very essential in columns components, as the longitudinal bars are considered to be part 
of the lateral confinement elements. In addition the work done by Martinez et al. was for 
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the high strength concrete, which covers portion of the concrete analyzed. El-Dash and 
Ahmad developed analytically one equation to define the ascending and the descending 
branch for stress-strain curve. However they relied on Ahmed and Shah and Martinez et 
al. for defining the lateral confining pressure. 
Kent and Park model was based on the unrealistic assumption, which states that the 
maximum compressive strength for confined and unconfined concrete, are the same. In 
addition they assume that the failed concrete can sustain load equal to 0.2 fcc up to 
infinity. 
Popovics model was originally for plain concrete. Hoshikuma et al. developed their 
model empirically. The model proposed has ascending and descending branches, which 
might represent discontinuity or a lack of smoothness zone. Furthermore, the generated 
model did not address the arching effect accounted for by the second approach described 
by Eid and Dancygier 2005. On the contrary, Mander et al. and Cusson and Paultre 
generated their models according to the effective lateral pressure generated from the 
arching effect between ties. However, Cusson and Paultre model was utilized based on 
the high strength concrete, and similar to Hoshikuma, the model has ascending and 
descending branch, which represents weakness in the modeling concept. 
Based on this comparison Mander et al. model was selected among different models 
for conducting this study. According to Eid and Dancygier (2005) classification, Mander 
et al. model is among the second approach models. To conform to the first approach and 
unlike most of the experimental works, fifteen full size reinforced concrete columns, 19.7 
in. diameter and 59.1 in. height, were tested concentrically in order to verify the proposed 
model. Spolestra and Monti 2000 stated that the constant lateral confinement pressure 
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assumption is correct only when the lateral steel is in the yielding phase, accordingly, 
Mander model correctly represents the lateral steel behavior, except in the initial phase 
when steel is elastic. This verification satisfies the third approach in Eid’s classification. 
In addition to that, Mander model uniquely, besides El-Dash and Ahmad Model, is 
defined by one equation for the ascending and descending branches. Furthermore, 
O’Shea and Bridge 2001 adapted Mander model to fit the concrete filled steel tubes 
model, and Spolestra and Monti 2000 adapted the same model to fit concrete wrapped 
with FRP. So it can be concluded: 
1- Mander model is defined by one equation 
2- Mander model is adaptable to fit different confinement types like steel tubes 
and FRP wrapping. 
3- Mander model was successfully benchmarked against experimental work done 
for fully sized columns 
4- Mander model is one of the most widely used and known models 
2-4 Experimental Studies 
 
Columns under concentric axial loads 
Most of the proposed models were compared to experimental work done by the same 
authors of these models. Experimental work was conducted intensively for columns under 
concentric axial load. Rectangular cross section was the focus of the most tests, like Scott et al. 
(1982). The circular cross section was tested as well, by Mander et al. (1988) for example. As 
illustrated in Table (2-1) Ahmad and Shah 1982 used eight series of specimens, six for normal 
weight concrete and two for lightweight concrete. The specimens were cylinders with 
dimensions of 3X6 in and 3X12 in. Martinez et al. (1984) tested ninety-four specimens with 
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dimension of 4X8,4X16,5X24 and 6X24in cylinders. Mander et al (1988) examined full-size 
circular reinforced concrete columns with dimension of 19.7X59.1 in. While Cusson and Paultre 
(1995) examined 11 specimens with core diameter of 5.67 in. Hoshikuma et al. (1997) tested six 
specimens with diameter of 7.87 in. and 10 columns with diameter of 19.68 in. but the 
longitudinal steel ratio was around 1 % and less according to Japanese codes. Finally Razvi and 
Saatcigolu 1999 tested 16 specimens with core diameter ranging from 8.6 in. to 8.8 in.  
 
Table 2-1 Experimental work conducted for concentrically loaded columns and cylinders 
Name Dimensions (in.) Columns/cylinders Number 
Ahmad and Shah 1982 3*6 and 3*12 8 series cylinders 
Martinez et al. 1984 4*8,4*16,5*24 and 
6*24 
94 cylinders 
Mander et al. 1988 19.7*59.1 15 columns 
Cusson and Paultre 1995 5.67 11 cylinders 
Hoshikuma et al. 1997 7.87 and 19.68 6 cylinders and 10 columns 
Razvi and Saatcigolu 1999 8.6 -8.8 16 cylinders 
 
Columns under combined axial load and bending moment. 
 University of Illinois (1930) was one of the pioneers to test circular specimen 
concentrically as well as eccentrically. Chan 1955 examined eccentrically loaded specimens with 
very small eccentricity. Sargin 1971 conducted experimental work for eccentric loading besides 
concentric one. However no full information was documented for verification. Fafitis and Shah 
1985 examined four 23.65 in. diameter octagonal columns with circular spirals. Dodd and Cooke 
conducted experimental work for specimens with a diameter of 7.87 in. Esmaeily and Xiao 
examined 16 in diameter columns with a height of 100 in. 
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2-5 Eccentricity consideration 
 
Unlike concentric loading, the eccentric loading generates bending moment in addition to axial 
loading. Columns subjected to eccentric loading behave differently from those concentrically 
loaded, as the shape of the stress strain curve for fully confined reinforced concrete (concentric 
loading) shows higher peak strength and more ductility than the unconfined one (infinite 
eccentricity). Most of the previous studies were based on the uniform distribution of compressive 
strain across the column section. According to Saatcigolu et al. 1995, there is no difference 
between the stress strain curves for concentric and eccentric columns for plain concrete. Soliman 
and Yu 1967 reported, by testing small-scale specimens, that the confinement pressure provided 
by transverse reinforcement would be different under a strain gradient than under uniform 
compression. Sargin 1971 showed relationship between location of the neutral axis and 
improvement in the strength and ductility. Samra et al. 1996 adapted ACI expression for spiral 
steel by multiplying it by a function of eccentricity to column diameter ratio. 
Figure 2-8 Eccentricity and maximum force relationship 
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 Figure 2-8 shows the decrease in maximum applied force with eccentricity increasing for 
two different cases, which are taken from Hogenstad 1930. Table 2-2 shows different parameter 
values for the two cases. 
Table 2-2 Parameter details for the two cases taken from Hogenstad 1930 
Parameter Case 1 Case 2 
Diameter in. 12  12 
Cover in.  1 1 
fy    ksi. 43.5 43.5 
fyh  ksi. 32 32 
Spacing    in. 1.5 1.5 
Longitudinal steel 8#7 8#7 
Spiral Steel Diameter   in. 0.283 0.2625 
f’c        k. 5.15 3.37 
 
 Fafitis and Shah 1985 examined four full size columns subjected to eccentric loads, and 
generated computer program, as mentioned earlier, for moment curvature prediction. Sheikh and 
Yeh 1990 stated that none of the confinement models available represents the behavior of 
eccentrically loaded columns. Saatcigolu et al. 1995 tested twelve rectangular cross section 
columns loaded eccentrically. The parameter tested were the arrangement, spacing and 
volumetric ratios of transverse steel. They concluded that the concentrically loaded confined 
concrete stress strain curve could represent the eccentrically loaded confined concrete by 
incorporating the relevant parameters of concentric confinement in their model.  
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Esmaeily and Lucio 2004 stated that the depth of compression zone does not play any 
role in any model in terms of strength and ductility. Figure (2-9) illustrates three different 
sections under concentric load, pure bending moment and combination of axial load and bending 
moment, The highlighted fiber in the three cases has the same strain, and any current 
confinement model will yield the same stress for these three fibers. So it is more realistic to 
relate the strength and ductility in a new model to the level of confinement utilization. 
 
 
 
 
 
  
 
Figure 2-9 Effect of compression zone depth on concrete strength 
Fam et al. 2003 was the first to develop eccentricity based model for concrete filled FRP 
tubes, they utilized Fam and Rizkalla 2001 model as an upper bound (bi-linear curve) as well as 
Popovics model for unconfined concrete as a lower bound (non linear curve). For the concentric 
loading case, the failure strain proposed was the strain corresponding to the peak strength. Then 
it increases based on the eccentricity till maximum strain for unconfined concrete. A shape 
parameter was introduced to allow for smooth transition between the upper linear curve and the 
lower non-linear curve. 
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2-6 Numerical and Mathematical Analysis 
 
 Numerical and Mathematical analysis varies according to the geometry of the section. 
Rectangular cross section analysis has been investigated by many researchers like Medland and 
Taylor (1971), Lazaro and Richards (1973), Kronke et al. (1973), Gunnin and Furlong (1977), 
Rasheed and Dinno (1994). The main focus was on the unconfined cross section, since this was 
the first priority of different codes. On the other hand, the circular cross section analysis was 
conducted by adapting some concepts of the rectangular cross section or by considering some 
approximations. The numerical analysis procedures for unconfined and confined circular cross 
section are summarized chronologically below. 
 
Unconfined Concrete  
Everand and Cohen (1964, 1997) 
Everand and Cohen (1964) developed equations for generating the interaction diagram 
for square and circular cross sections with longitudinal steel bars arranged in a circle. The 
computer program produced was used by ACI committee 340-design handbook. According to 
Everand (1997), the equations generated are adaptable to any cross section enclosed by a square 
with an area D2 by imposing an area factor λ (pi/4 for circles, 0.866 for hexagonal cross section 
and 0.8284 for octagonal cross section). In addition the equations were generated for 
reinforcement ratio between 0.01 and 0.08. However, they can be used for a ratio less than 0.01. 
As shown in Figure (2-8) Everand and Cohen replaced longitudinal bars arrangements 
with a thin steel ring equivalent to steel total area: 
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Figure 2-10 One half real and substitute cross-section 
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where h is the ring thickness. The dimensionless expression for the nominal axial force kn: 
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where ks represents the reinforcement force, kf  is a correction factor for concrete displaced by 
steel and kc  represents the concrete force: 
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The dimensionless expression for the nominal moment Rn: 
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where Rs represents the reinforcement moment, Rf  is a correction factor for concrete displaced 
by steel and Rc  represents the concrete moment: 
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According to Everand 1997, The closed form solution for the nominal force and nominal 
moment can not be adaptable to any other cross section different than the circle. In addition The 
development of equations was based on  the assumption that the entire steel area is lumped into 
equivalent steel ring. Although this assumption simplify the calculations, it affects the results and 
does not account for vertical bars location with respect to the neutral axis. 
 
Davalth and Madugula (1988) 
Davalth and Madugula (1988) developed a numerical procedure for analysis and design 
of reinforced concrete circular sections subjected to axial load and bending moment, using the 
strength theory of ACI 318-83. Davalth and Madugula argued that the equations of equilibrium 
are complex because of the cross section type and the discrete position of bars. Instead a trial and 
error procedure was followed using computer programming. 
1- Strain in reinforcement and concrete is assumed directly proportional to the distance      
from the neutral axis. 
2- Maximum strain in extreme concrete compression fiber is 0.003 
3- The stress-strain curve for reinforcement is elastic-perfectly plastic. 
4- Tensile strength of concrete is negligible. 
5- The relationship between concrete compressive stress distribution and concrete strain 
is assumed to be rectangular satisfying the ACI 318-83. 
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6- Design strength is developed either when compressive strain in concrete reaches 
0.003,or the maximum tensile strain in the reinforcement is equal to the limiting value 
specified by the designer.  
Figure 2-11 Two different cases for circular cross section according to Davalth and Madugula 
analysis 
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where Pn is the nominal axial load strength of cross section, Pc is the nominal compression 
strength of concrete and Ps is the nominal axial load strength of steel. 
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where h is the diameter of the circular cross section, α is one half of the angle subtended at the 
center of the cross section by the concrete compression stress block, Ab is the cross sectional area 
of each reinforcing bar, nb is the number of reinforcing bars in each row parallel to moment axis, 
and nc is the number of rows of reinforcing bars in the zone of concrete compression stress 
block. The nominal flexural strength Mn is equal to the nominal flexural strength due to concrete 
Mc and the nominal flexural strength due to Ms. 
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where θ is the angle between the radial line through the reinforcing bar and the line 
perpendicular to the moment axis, and γh is the diameter of reinforcing bar circle. As orientation 
1 Figure (2-9) illustrates, the strain εs and the stress fs in any bar when the maximum strain in 
concrete is equal to 0.003: 
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where d is the distance of reinforcing bar from the moment axis. 
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The strain and the stress in any bar when the maximum strain in reinforcing bar is equal to the 
limiting value specified by the designer, and the maximum strain in concrete is less than 0.003: 
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As shown in orientation 2 Figure (2-9). The maximum tensile strain in bars is given by: 
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where dr is the distance from the farthest reinforcing bar on the tension side to the moment axis.
 
and the angle α is given by: 
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where β1 is a factor defined in section 10.2.7.3 of ACI 318-83.
 
 
Since the angle α is unknown and it depends on the factored axial load Pu or eccentricity 
e, a trial and error process is followed , till a convergence is obtained between computed and 
desired values.  
The procedure developed by Davalth and Madugula was based on ACI specification, which 
consider the  concrete stress distribution to be rectangular. This assumption is approximate for 
the circular cross section. Dependently, the analysis is not very accurate. 
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Tayem and Najmi (1996) 
 
Tayem and Najmi (1996) developed a closed form solution for circular short columns 
based on transforming the components, steel and concrete, to elastic material to which the 
classical bending theory is applicable. The analysis was based on the following assumptions: 
1- Plane sections at right angles to the column axis remain plane 
2- Reinforcing steel is elastic perfectly plastic 
3- Stress-strain curve of concrete is modeled by Whitney’s block. 
4- Tensile strength of concrete is ignored 
5- Vertical bars have the same diameter and grade 
6- Vertical bars are equally spaced on the perimeter inside the lateral reinforcement. 
Figure 2-12 Geometric configuration of Tayem and Najmi. Analysis 
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The transformed concrete area is determined by: 
( )zfhA cc θsin1405
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(2-179)
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and the first moment of area Qc: 
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and the centroid of the transformed area is located at distance Cc from the x-axis: 
c
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and the moment of inertia of the transformed section Ic: 
( ) 











+−−+−= θγγpiθγθ sin
4
2sin
24
sin
3
cos
sin1
1621
3'4
z
fh
I cc
                                          
(2-183)
           
The transformed steel area Ast 
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where As is the bar area, and Edci is the secant modulus of concrete displaced by steel bar. And 
the first moment of the transformed steel area with respect to x-axis Qs:   
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where 
−
d  is the radial distance from perimeter of column to the centroid of vertical reinforcement 
bars, and the totally transformed area of the cross section At: 
sct AAA +=
                                                                                                                          
(2-186)
           
the centroid of the totally transformed area ct: 
t
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(2-187)
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The moment of inertia Ixt of the composite section about an axis parallel to the neutral axis 
through the centroid of the transformed section: 
( ) ( ) 





−





−−+−+=
−
=
∑ t
n
i
dcisi
c
s
cttccxt cd
hEE
f
A
cccAII 1
1'
sin
257400
2 λ
                              
(2-188)
           
The elastic section modulus Sxc with respect to the concrete compression side: 
t
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(2-189)
           
and the position of neutral axis must satisfy: 
( ) 0sin22 1 =−− θhceAI tstxt
                                                                                                 
(2-190)
           
where es is the pertinent structure eccentricity: 
ts cee −=
                                                                                                                               
(2-191)
     
 
Similar to Davalth and Madugula ,the approximate use of Whitney’s block, although 
certified by ACI, is not very accurate since the circular cross section differs from the rectangular 
one. Consequently the analysis considered not to be very accurate since it was built on this 
assumptions.       
 
Confined Concrete 
 
Fafitis and Shah 1985 
. Fafitis and Shah 1985 developed a computer program to calculate the moment-curvature 
relationship. They found the moment for the given load by dividing the cross section into strips, 
and assuming constant stress all over each strip including core, cover and reinforcement. 
However, no details were provided describing the iterative process for calculating the depth of 
the neutral axis. 
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Samra, Deeb and Madi 1996 
Based on theoretical study using Mander model, for concrete subjected to uniaxial 
compressive loading and confined by transverse steel, Samra et al. derived theoretical analysis 
for generating moment curvature characteristics. The main factors account for: 
1- Level of eccentricity of axial load on column e. 
2- Longitudinal steel content ρls 
3- Value of curvature ductility factor required to be achieved φu/φy. 
4- Material strength f’c and fy. 
Where φu is ultimate curvature, and φy is yielding curvature. 
The assumptions used in this analysis are: 
1- Plane section remains plain after flexural deformation. 
2- Mander et al. model was used for spirally confined concrete. 
3- The tensile strength of concrete is ignored. 
4- Steel is linearly elastic till yield then, strain hardening was considered. 
The analysis is summarized in the following steps: 
1- Calculating the spalling cover strain and maximum strain based on Mander model 
2- For strain compatibility profile has extreme fiber compressive strain εcm and depth of 
compression zone c: 
Using similar triangle in strain diagram to find the strain in each longitudinal bar, 
then calculating the stress fsi and force for each bar . 
Dividing the compressed concrete into two parts; confined part and unconfined part, 
dividing the section into small rectangular layers, and calculating the concrete force 
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for each layer, then summing the forces up to have the concrete force Cc and the 
moment arm Xc. 
3- The force P and moment M equilibrium equations: 
si
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The curvature φ: 
c
cmεφ =
                                                                                                                
(2-194)
    
 
where D is column diameter, Asi is the area of each bar and di represents the location of 
each bar. 
4- For a given eccentricity and by incrementing the extreme fiber compressive strain, 
finding the neutral axis depth based on: 
ePM *=
 
The sequenced loading is used in this analysis for determining the depth of neutral axis. 
In plasticity, radial loading gives the same results as non-linear elasticity, whereas sequenced 
loading gives different results compared to nonlinear elasticity. 
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CHAPTER 3 - New Confinement Model 
As earlier stated, Mander Model was selected to be the base of the new eccentricity-based 
model, This chapter views mander model in details. Then, the new model is discussed. 
3-1 Mander Model 
The Mander model (1988) was developed based on the effective lateral confinement 
pressure and the confinement effective coefficient, the same concept found by Sheikh and 
Uzumeri (1982). The advantage of this procedure is its applicability to any cross section since it 
defines the lateral pressure based on the section geometry. Mander et al (1988) showed the 
adaptability of their model for circular or rectangular sections, under static or dynamic loading, 
either monotonically or cyclically applied. In order to develop a full stress-strain curve and to 
assess ductility, an energy balance approach is used to predict the maximum longitudinal 
compressive strain in the concrete. 
Mander derived the longitudinal compressive concrete stress-strain equation from 
Popovics model that was originally developed for unconfined concrete (1973): 
r
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c
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xrff
+−
=
1                                                                                                                        (3-1) 
where: 
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and as suggested by Richart et al. (1928) the strain corresponding to the peak compressive 
strength:  
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Figure 3-1 Stress-Strain Model proposed by Mander et al. for monotonic loading 
 
As shown in Figure 3-1, Mander et al. (1988) model has two curves; one for unconfined 
concrete (lower curve) and the other for confined concrete (upper one). The upper one refers to 
the behavior of confined concrete with concentric loading (no eccentricity). It can be shown from 
the Figure that it has ascending branch with varying slope starting from Ec decreasing till it 
reaches the peak confined strength at (fcc, εcc). Then the slope becomes negative in the 
descending branch representing ductility till point εcu where first hoop fracture occurs. The lower 
curve expresses the unconfined concrete behavior. It has the same ascending branch as the 
confined concrete curve till it peaks at (f’c, εco). Then, the falling branch comes next till 1.5-2εco. 
A straight line is assumed after that till zero stress at spalling strain εsp. 
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Mander et al. (1988) utilized an approach similar to that of Sheik and Uzumeri (1982) to 
determine effective lateral confinement pressure. It was assumed that the area of confined 
concrete is the area within the centerlines of perimeter of spiral or hoop Acc as illustrated in 
Figure (3-2) 
 
Figure 3-2 Effectively confined core for circular hoop reinforcement 
 
Figure (3-2) shows that effectively confined concrete core Ae is smaller than Acc, and to 
satisfy that condition the effective lateral confinement pressure f’l should be a percentage of the 
lateral pressure fl: 
lel fkf ='                                                                                                                                 (3-7) 
and the confinement effectiveness coefficient ke is defined as the ratio of effective confined area 
to the area enclosed by centerlines of spiral or hoop: 
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( )ccccc AA ρ−= 1                                                                                                                  (3-11) 
 
where Ac is the area of the section core enclosed by spiral, Als is the area of longitudinal steel and 
ρcc is the ratio of longitudinal steel to the area of the core. For hoop case the effective lateral 
confinement core: 
Figure 3-3 Effective lateral confined core for hoop and spiral reinforcement 
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while for spiral case it can be shown from Figure (3-3) that 
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and the last term can be neglected and the value of ke can be found from the following equation: 
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Figure 3-4 Confinement forces on concrete from circular hoop reinforcement 
 
Figure (3-4) illustrates force equilibrium on a half turn of a circular hoop. The uniform hoop 
tension at yield generated in the transverse steel should be balanced by the uniform lateral stress 
on the concrete core: 
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but ρs can be expressed as 
s
sp
s
ssp
s
sd
A
sd
dA 4
4
2
==
pi
pi
ρ
                                                                                                          (3-18) 
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and from equation (3-7) f’l can be found: 
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The maximum confined compressive strength can be described as a function of the peak 
unconfined strength and the uniform effective lateral confinement pressure: 
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Mander et al. (1988) proposed an energy balancing theory to predict the ultimate confined strain, 
which is determined at the first hoop fracture. They presumed that the additional ductility for 
confined concrete results from the additional strain energy stored in the hoops Ush. Therefore 
from equilibrium: 
cogsh UUU −=                                                                                                                     (3-22) 
where Ug is the external work done in the concrete to fracture the hoop, and Uco is the work done 
to cause failure to the unconfined concrete. Ush can be represented by the area under the tension 
stress strain curve for the transverse steel between zero and fracture strain εsf. 
ερ
ε
dfAU
sf
sccssh ∫=
0
                                                                                                             (3-23) 
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while Ug is equal to the area under the confined stress strain curve plus the area under the 
longitudinal steel stress strain curve: 
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00
                                                                                            (3-24) 
similarly, it was proven experimentally that Uco is equal to:  
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Substituting equations (3-24), (3-25) and (3-26) into equation (3-22): 
'
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where fsl is a function of longitudinal strain. 
 
3-2 Eccentricity based confined Model 
 
In previous studies, various models were implemented to assess the ultimate confined 
capacity of columns under concentric axial load. On the other hand the effect of partial 
confinement in case of eccentric load (combined axial load and bending moments) is not 
investigated in any proposed model above. Therefore, it is pertinent to relate the strength and 
ductility of reinforced concrete to the degree of confinement utilization in a new model. 
The two curves of fully confined and unconfined concrete in Mander model are used in 
the eccentricity-based model as upper and lower boundaries. The upper curve refers to 
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concentrically loaded confined concrete (zero eccentricity), while the lower one refers to pure 
bending applied on concrete (infinite eccentricity). In between the two boundaries, infinite 
numbers of stress-strain curves can be generated based on the eccentricity. The higher the 
eccentricity the smaller the confined concrete region in compression. Accordingly, the ultimate 
confined strength is gradually reduced from the fully confined value fcc to the unconfined value 
f’c as a function of eccentricity to diameter ratio. In addition the Ultimate strain is reduced from 
the ultimate strain εcu for confined concrete to the ultimate strain for unconfined concrete 1.5εco. 
The equation that defines the peak strength according to the eccentricity is: 
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where e is the eccentricity, H is the column diameter and ccf is the peak strength at eccentricity 
e. and the corresponding strain ccε  is given by 
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and the maximum strain corresponding to the required eccentricity will be a function of stress 
corresponding to maximum strain for confined concrete fcu and unconfined concrete fcuo: 
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In order to verify the accuracy of the model at the extreme cases, the eccentricity is first set to be 
zero. The coefficient of fco will be zero and equation (3-28) and (3-30) will reduce to be: 
cccc ff =                                                                                                                                   (3-31) 
cucu εε =                                                                                                                                   (3-32) 
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on the other hand, if the eccentricity is set to be infinity the other coefficient will be zero, and the 
strength and ductility equations will be: 
'
cccc ff =                                                                                                                                   (3-33) 
003.0=cuε                                                                                                                              (3-34) 
Figure 3-5 Eccentricity based confinement model 
 
Any point on the generated curves can be calculated using the following equation: 
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CHAPTER 4 - Analysis of Columns 
4-1 Unconfined Concrete Columns 
Analysis of unconfined concrete is based on the finite layer procedure accounting for 
concrete and reinforcing steel separately then using the concept of superposition to get the 
overall behavior of the section.  
The following assumptions are made in the analysis: 
1- There is perfect bond between the longitudinal steel bars and the concrete. 
2- Strains along the depth of the column are assumed to be distributed linearly. 
3- Concrete stress in tension is neglected after cracking. 
4- The maximum stress for concentric axially loaded confined concrete and 
corresponding strain is given by using Mander model. 
5- The steel stress-strain relation is elastic-perfectly plastic as shown in fig (4-1) 
 
 
 
 
 
 
 
 
 
 
 
Figure 4-1 Stress-strain relationship of reinforcing steel 
 
 
strain
 hardening
with
without 
strain
 hardening
Strain
St
re
ss
suf
yf
suεsyε
 61
• Concrete analysis 
 
Figure 4-2 Unconfined Concrete section -concrete analysis- 
 
Figure (4-2) depicts the procedure utilized in the calculation of concrete force and 
moment, which can be summarized in the following steps: 
1- Breaking down the section into a finite number of thin layers that have equal 
thickness. 
2- Getting the geometric properties of each layer: 
Bi:    Layer width. 
t:     Layer thickness. 
Yi:   Vertical distance from the layer centerline to the extreme compression fiber. 
Y_i: Vertical distance from the layer centerline to the section geometric 
centroid.(mid-height) 
t Bi
0.003
Y_i
Yi
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3- Using the pre assumed strain profile and the layer location found from the previous 
step to get the strain ε (assuming that strain is constant through out the layer). 
4- Calculating the stress fc from the strain using Hognestad’s parabola. 
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5- Getting the area of the layer A. 
6- Finding the force p, and moment m of the layer. 
                  Afp c *=                                                                                                                 (4-2) 
                  iYpm _*=                                                                                                             (4-3) 
7- Summing up the forces and moments to have the concrete forces Pc and moment Mc. 
                  ∑= pPc                                                                                                                 (4-4) 
                 ∑= mMc                                                                                                                 (4-5) 
The tensile stress is negligible beyond '5.7 cf  in psi.  
• Reinforcing steel bars analysis 
Figure 4-3 Unconfined Concrete section -steel analysis- 
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As illustrated in Figure (4-3), similar procedure is approached to determine the steel force 
and moment 
For each bar: 
1- Getting the geometric properties: 
Yi:   Vertical distance from the bar centerline to the extreme compression fiber. 
Y_I: Vertical distance from the bar centerline to the section center. 
θ: The angle between the radius of the bar location and the positive direction of X-
axis. 
2- Using the pre assumed strain profile and the bar location found from the previous step 
to get the strain εs  
3- Calculating the stress fs from the strain. 
4- Getting the area of the bar As. 
5- Finding the force ps, and moment ms. 
                  sss Afp *=                                                                                                             (4-2) 
                  iYpm ss _*=                                                                                                          (4-3) 
6- Summing up the forces and moments to have the steel forces Ps and moment Ms. 
                  
s
pPs ∑=                                                                                                                (4-4) 
     
s
mMs ∑=                                                                                                                (4-5) 
 
After getting the concrete and steel forces and moments, the section force and moment 
are given using the following equations: 
             PsPcP +=                                                                                                                   (4-6) 
            MsMcM +=                                                                                                                (4-7) 
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These two values represent a point coordinate on the interaction diagram (M,P) for unconfined 
concrete. The full-unconfined concrete interaction diagram can be plotted by repeating this 
method for different strain compatibility profiles. 
 
 
Figure 4-4 Different strain profile cases used in generating the Interaction Diagram 
 
 Figure (4-4) shows six different strain profiles. Point 0.003 was selected as a value for the 
extreme compression fiber as proven experimentally. While for the other extreme fiber, the 
values were 0.003 (Pure axial compression), 0.002,0.001, zero, -0.001,-0.002,-0.003, -0.004 and 
a point were the pure bending occurs.  
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Figure 4-5 Unconfined Concrete analysis for plotting the Interaction Diagram 
 
As shown in Figure (4-5) the smoothness of the curve can increase by running the 
analysis for more strain profiles and imposing many intermediate points in the Interaction 
diagram. The inner curve represents the design curve after applying the factor of safety based on 
AASHTO-code provisions. 
 
 
 
 
 
 
 
 
 
 
Figure 4-6 Unconfined and design interaction diagram according to AASHTO-code 
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4-2 Confined Concrete Columns 
 
Analysis of confined concrete is approached using numerical non-linear finite layer 
procedure. As Figure (4-6) shows radial loading with constant eccentricity is conducted in the 
non-linear moment of area concept to achieve equilibrium points along the loading line up to 
failure.  
Figure 4-7 Radial loading with constant eccentricity up to failure 
 
The following assumptions are made in the analysis: 
1-  There is perfect bond between the longitudinal steel bars and the concrete. 
2- Strains along the depth of the column are assumed to be distributed linearly. 
3- Concrete stress in tension is neglected after cracking. 
4- The maximum stress for concentric axially loaded confined concrete and 
corresponding strain are given by using Mander model. 
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5- The steel stress-strain relation is elastic-perfectly plastic. However strain hardening is 
also allowed for longitudinal steel by assuming bilinear model as shown as shown in 
Figure (4-8) 
 
Figure 4-8 Stress-strain relationship of reinforcing steel 
 
The procedure used to analyze the confined concrete section is described in the following 
steps as shown in Figure (4-8): 
1- Calculating the section initial properties: 
Elastic axial rigidity EA: 
                 ∑∑ −+=
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    Elastic flexural rigidity about the elastic centroid EI: 
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EA
YHAEEYHtBE
Y i i
sisicsiic
c
∑ ∑ −−+−
=
)()()(
                                                                 (4-10) 
    The depth of the geometric section centroid position from the bottom fiber of the 
section YG: 
                 
2
HYG =                                                                                                                    (4-14) 
2- Inputting eccentricity e. 
3- Defining loading step GP∆ , and computing the axial force at the geometric centroid. 
   GPGPGP ∆+=                                                                                                        (4-15) 
4- Calculating moment GM about the geometric centroid. 
GP
GM
e =                             GPeGM *=                                                               (4-16) 
5- Transferring moment to the inelastic centroid and calculating the new transferred 
moment TM: 
     )( cG YYGPGMTM −+=                                                                                       (4-17) 
 
Figure 4-9 Idealized section, strain distribution and applied forces 
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Figure 4-10 Confined concrete analysis flowchart 
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6- Finding: 
     Curvature   φ  
     
EI
TM
=φ                                                                                                               (4-18) 
Strain at the inelastic centroid oε , the extreme compression fiber strain 1ε , the other 
extreme fiber 2ε , and at the extreme level of steel strain in tension 4ε : 
EA
GP
o =ε                                                                                                                 (4-19) 
)(1 co YH −+= φεε                                                                                                 (4-20) 
co Yφεε −=2                                                                                                            (4-21) 
)(4 CoverYco −−= φεε                                                                                           (4-22) 
7- Calculating strain cε and corresponding stress fc in each layer of concrete section by 
using the eccentricity based model 
ic Yφεε −= 1  
8- Calculating strain 
sε and corresponding stress in each bar in the given section by 
using the stress-strain relationship curves shown in Figure (4-8). 
9- Calculating the new section properties EA, EI, moment of axial rigidity about 
inelastic centroid EAM, internal axial force Fx, internal bending moment about the 
inelastic centroid Mo: 
22 )()()( sicsici
i
sicici
i
ci YYHAEEYYHtBEEI −−−+−−= ∑∑                            (4-23)    
)()()( sicsici
i
sicici
i
ci YYHAEEYYHtBEEAM −−−+−−= ∑∑                          (4-24) 
∑∑ −+= sicisiicix AfftBfF )(                                                                            (4-25)                                      
)()()( sicsicisiicicio YYHAffYYHtBfM −−−+−−= ∑∑                               (4-26) 
10- Transferring back the internal moment about the geometric centroid: 
)( cGoo YYGPMGM −−=                                                                                     (4-27) 
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11- Checking the convergence of the inelastic centroid : 
cYEAEAMTOL //=                                                                                               (4-28) 
12- Comparing the internal force to applied force, internal moment to applied moment, 
and the change of the new inelastic centroid to the previous location: 
510*1 −≤− xFGP                                                                                                   (4-29) 
510*1 −≤− oGMGM                                                                                              (4-30) 
510*1 −≤Tol                                                                                                           (4-31) 
13- If equations (4-27), (4-28) and (4-29) are satisfied, equilibrium is attained. 
Checking for the ultimate point by comparing the strain in the extreme compression 
fiber to the maximum strain as defined in equation (3-30), or comparing the strain at 
the level of steel at maximum tension to 0.05 as proven experimentally: 
strainimum −≥ max1ε                                                                                          (4-32) 
05.04 ≥ε                                                                                                                (4-33) 
If equations (4-30) and (4-31) are satisfied, a point on the interaction diagram is 
found for the eccentricity value used in step 2. Otherwise increase GP  by GP∆  as in 
step 3. 
If equations (4-27), (4-28) and (4-29) are not satisfied: 
EA
EAMYY cc +=           and go back to step 5  
 
and go back to step 5. 
Figure (4-9) shows interaction diagram generated using the described confined 
concrete analysis 
 
 
 
 
 
Figure 4-11 Confined interaction diagram based on the confined concrete analysis 
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CHAPTER 5 - Results and Discussions 
The generated results are compared with experimental data. They are also compared with 
well-established software. They are further compared with Mander’s concentric model. 
Discussions are also reported on comparisons between extreme confinement cases. The 
confinement analysis are is benchmarked against the extreme case of zero yield strength of spiral 
hoops. Finally, different behavior parameters are generated and studied. 
5-1 Comparison with experimental results 
This section compares the results obtained from using  the present analysis and some 
experimental data gathered from five papers. Twelve cases are examined and discussed. The 
interaction diagram is generated in four different ways for the sake of comparison: 
1- Cover removal when the strain exceeds the unconfined peak strain 0.003, without 
accounting for strain hardening (Reduced area curve) 
2- No cover removal with no strain hardening considered. (Full area curve) 
3- Cover removal when the strain exceeds the unconfined peak strain 0.003, with strain 
hardening considered 
4- No cover removal with strain hardening  
Strain hardening is modeled by assuming the hardening modulus to be 5% of the elastic 
modulus. Figure (5-1) illustrates the Geometric form for the cross section and the input data 
required for each case 
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Figure 5-1 Cross section and sectional elevation for reinforced concrete column 
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Case 1: 
This is the first octagonal column with spiral reinforcement tested  by Fafitis and Shah 
1985. The column has the following 
properties: 
 
Column Diameter (H)          : 23.65 in 
Clear Cover                          : 0.8     in 
Longitudinal Reinforcement: 16#8 
f’c                                         : 4.118 ksi 
fy                                          : 43.5  ksi 
fyh                                         : 43.5  ksi 
Transverse Reinforcement  
Spiral Diameter                    : 0.394 in 
Spiral Spacing                      : 2.95   in         
Figure 5-2: Cross section for the column used in case 1 
Figure 5-3 Stress strain curves for case 1 column 
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Figure 5-4: Interaction diagrams for case 1 colum(without strain hardening)  
Figure 5-5: Interaction diagrams for case 1 column(with 5% strain hardening) 
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Figure (5-3) shows that all three curves are conservative compared to the experimental 
tension-controlled data point. The full area curve is just accurate even though it is slightly less 
conservative than the more realistic reduced area curve. Figure (5-4) shows the reduced area 
curve to be in excellent correlation with the experimental point, while the full area curve 
becomes non conservative although it is closer to that experimental point once strain hardening 
of the steel is accounted for. 
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Case 2: 
This is the second octagonal column with spiral reinforcement tested by Fafitis and. Shah 
(1985). This case has the same parameters as case 1 except smaller spiral spacing and 
slightly lower concrete strength. The column has 
the following parameters: 
Column Diameter (H)          : 23.65 in 
Clear Cover                          : 0.8     in 
Longitudinal Reinforcement: 16#8 
f’c                                         : 3.857 ksi 
fy                                          : 43.5  ksi 
fyh                                         : 43.5  ksi 
Transverse Reinforcement  
Spiral Diameter                    : 0.394  in 
Spiral Spacing                      : 1.97    in 
Figure 5-6 : Cross section for the column used in Case 2 
 
Figure 5-7 Stress strain curves for case 2 column 
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Figure 5-8 : Interaction diagrams for case 2 column (without strain hardening) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-9 : Interaction diagrams for case 2 column (with 5% strain hardening)  
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Similar to case 1, all the three curves in Figure (5-8) are conservative compared to the 
experimental point. The full area curve has an excellent correlation to the experimental result at 
the balanced point although it is appreciably less conservative than the reduced area curve. When 
the 5% strain hardening is considered the cover removal( reduced area curve) correlates 
extremely well to the experimental point, as shown in Figure (5-8). It is also evident that the 
confinement improvement over the unconfined curve is noticeably more in case 2 (Figure 5-9) 
than case 1 (Figure 5-5) due to the smaller spiral spacing. 
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Case 3: 
This is the third octagonal column with spiral reinforcement tested by Fafitis and Shah 
(1985). This case has the very same parameters as case 1 except slightly smaller spiral 
spacing and significantly higher spiral yield strength. The column has the following 
properties: 
 
Column Diameter (H)          : 23.65 in 
Clear Cover                          : 0.8     in 
Longitudinal Reinforcement: 16#8 
f’c                                         : 3.857 ksi 
fy                                          : 43.5  ksi 
fyh                                         : 61.3  ksi 
Transverse Reinforcement  
Spiral Diameter                    : 0.394  in 
Spiral Spacing                      : 2.76    in 
Figure 5-10 Cross section for the column used in Case 3 
Figure 5-11 Stress strain curves for case 3 column 
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Figure 5-12: Interaction diagram for case 3 column(without strain hardening) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-13: Interaction diagram for case 3 column (with 5% strain hardening)  
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In this case, the full area curve is very close to the experimental tension-controlled data 
point while the full area curve is considerably farther away from the reduced area curve Figure 
(5-13). However, the reduced area curve becomes accurate enough and conservative compared to 
the experimental point and the gap between the two confined curves reduces. 
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Case 4: 
This is the fourth octagonal column with spiral reinforcement tested by Fafitis and Shah 
(1985). This case is similar to case 1 except for a slightly higher concrete strength and 
slightly lower yield strength of spiral. The diameter of the spiral is around 3 times higher 
and the spiral spacing is lower. So the confinement effect is expected to be much higher 
than case 1. The column has the following 
properties: 
Column Diameter (H)          : 23.65 in 
Clear Cover                          : 0.8     in 
Longitudinal Reinforcement: 16#8 
f’c                                         : 4.71 ksi 
fy                                          : 43.5  ksi 
fyh                                         : 40.6  ksi 
Transverse Reinforcement  
Spiral Diameter                    : 0.63   in 
Spiral Spacing                      : 2.17   in 
Figure 5-14 : Cross section for the column used in Case 3 
Figure 5-15  Stress strain curves for case 4 column 
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Figure 5-16: Interaction diagram for case 4 column (without strain hardening) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-17: Interaction diagram for case 4 (with 5% strain hardening)  
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The effect of confinement is clearly reflected in Figure (5-16) and Figure (5-17). The gap 
between the unconfined and confined curves is the largest among the four cases analyzed.The 
full area and reduced area curves compare well to the experimental point as shown in Figure (5-
16), on the other hand, by using 5% strain hardenenig both curves become nonconservative 
compared with the experimental point. The fyh in this case is the lowest 40.6 ksi so the 
hardening modulus is expected to be far less than 5% of the elastic modulus (mild steel). 
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Case 5: 
This is one of the concentric columns tested by J. B. Mander, M. J. Priestley, and R. Park. 
The full scale column has a relatively large spacing of spiral. Accordingly, the 
confinement has a limited effect on the interaction diagram; Figure (5-20). The column 
has the following properties: 
 
Column Diameter (H)          : 19.68 in 
Clear Cover                          : 0.98   in 
Longitudinal Reinforcement: 12#5 
f’c                                         : 4.06   ksi 
fy                                          : 42.78  ksi 
fyh                                         : 46.4    ksi 
Transverse Reinforcement  
Spiral Diameter                    : 0.393  in 
Spiral Spacing                      : 4.68    in 
Figure 5-18: Cross section for the column used in Case 5 
 
Figure 5-19 Stress strain curves for case 5 column 
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Figure 5-20: Interaction diagrams for case 5 column (without strain hardening)  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-21: Interaction diagram for case 5 column(with 5% strain hardening)  
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Case 5 represents a point in the pure axial compression. The reduced area curve shown in 
Figure (5-20) and (5-121) compare well with the experimental point with and without strain 
hardening. This is attributed to the fact that once the cover spalls off at 0.003 train, the section 
reaches its ultimate capacity with limited contribution from strain hardening at such a low strain 
(.003). The full area curve is also reasonably close to the experimental data point at concentric 
compression. 
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Case6: 
This is another one of the concentric columns tested by: J. B. Mander, M. J. Priestley, and 
R. Park. The full scale column has smaller spiral spacing. Accordingly, the confinement 
has a significant effect on the interaction diagram; Figure (5-24). The column has the 
following properties: 
 
Column Diameter (H)          : 19.68  in 
Clear Cover                          : 0.98    in 
Longitudinal Reinforcement: 12#5 
f’c                                         : 4.06   ksi 
fy                                          : 42.9    ksi 
fyh                                         : 49.3    ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.472  in 
Spiral Spacing                      : 2.04    in 
Figure 5-22 : Cross section for the column used in Case 6 
 
Figure 5-23 Stress strain curves for case 6 column 
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Figure 5-24: Interaction diagrams for case 6 column (without strain hardening)  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-25: Interaction diagrams for case 6 column(with 5% strain hardening)  
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Similar to the previous case, case 6 show that the curves developed with cover removal 
consideration correlate very well to the experimental point with and without considering strain 
hardening, Figure (5-24) and Figure (5-25). On the other hand, the full area curve significantly 
overestimates the axial compression capacity indicating the importance of accounting for cover 
spalling in compression-controlled columns. 
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Case 7: 
This small scale column was tested byResource: Dodd and Cooke 2000. It has a small 
spiral diameter and tight spacing of spiral. The column has the following properties: 
 
Column Diameter (H)          : 7.87         in 
Clear Cover                          : 0.43         in 
Longitudinal Reinforcement: 18#0.236 in 
f’c                                         : 5.07     ksi 
fy                                          : 65.2      ksi 
fyh                                         : 36.25    ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.157        in 
Spiral Spacing                      : 1.1            in 
Figure 5-26: Cross section for the column used in Case 7 
 
 
Figure 5-27 Stress strain curves for case 6 column 
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Figure 5-28: Interaction diagrams for case 7 column(without strain hardening) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-29: Interaction diagram for case 7 column (with 5% strain hardening)  
 94
It is evident from Figure (5-28) that Mander model under estimates the confinement of 
the small diameter spiral, Nevertheless, this seems to be an acceptable conservative result when 
comparing the scatter of the two tension controlled points. It is also evident that the pure bending 
point is in excellent agreement with the confinement interaction diagam.The three experimental 
points are within the bending zone. In case of strain hardening included, the lower point compare 
very well with the full area curve as shown in Figure (5-22). While the two curves are still 
conservative in comparisson with the upper tension controlled two points.  
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Case 8: 
This full scale column was tested by Esmaily and Xiao (2004). The diameter of the spiral 
is #2 which is realistic. The spiral spacing is tight inviting a significant amount of 
confinement. The column has the following properties: 
 
Column Diameter (H)          : 16     in 
Clear Cover                          : 0.512 in 
Longitudinal Reinforcement: 12#4  in 
f’c                                         : 7.29     ksi 
fy                                          : 71        ksi 
fyh                                         : 68       ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.25   in 
Spiral Spacing                      : 1.26   in 
 
Figure 5-30: Cross section for the column used in Case 8 
 
Figure 5-31 Stress strain curves for case 8 column 
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Figure 5-32: Interaction diagrams for case 8 column(without strain hardening)  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-33: Interaction diagram for case 8 column(with 5% strain hardening) 
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It can be seen from Figure (5-32) that the contribution of confinement is very limited near 
the pure bending case where two experimental points compare well with the ful area curve. The 
fullarea curve compare very well with the third experimental point and is on the conservative 
side.Accordingly, all of the experimental points correlate well to the full area curve in Figure (5-
33), When the strain hardening is implemented, all the three points become closer to the full area 
curve, and the two lower pure bending points match very well the reduced area curve as well. 
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Case 9: 
A series of full scale columns is tested by the University of Illinois, Engineering 
Experiment Station in 1930. The column has the following parameters: 
Column Specifications: 
Column Diameter (H)          : 12     in 
Clear Cover                          : 1       in 
Longitudinal Reinforcement: 8#7    
f’c                                         : 5.15     ksi 
fy                                          : 43.5     ksi 
fyh                                         : 32       ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.283 in 
Spiral Spacing                      : 1.5     in 
Figure 5-34 : Cross section for the column used in Case 9 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-35: Interaction diagrams for case 9 column(without strain hardening) 
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The transverse reinforcement has a realistic spiral diameter between #2 and #3 sizes with 
tight spiral spacing. However the spiral yield strength is low with no strain hardening expected.  
It is evident from Figure (5-5) that all the tension-controlled experimental points scatter 
around the unconfined interaction diagram slightly o the un-conservative side except for three 
point, one of which matches the reduced area curve and two match the unconfined curve. 
It is clear that the confinement played no role in this set of experiments. This may be 
attributed to the fact the test was old. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 100
Case 10: 
Another series of full scale columns was tested by the University of Illinois, Engineering 
Experiment Station in 1930. The column has the following parameters: 
Column Specifications: 
Column Diameter (H)          : 12       in 
Clear Cover                          : 1         in 
Longitudinal Reinforcement: 8#7    
f’c                                         : 3.37     ksi 
fy                                          : 43.5     ksi 
fyh                                         : 32       ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.2625   in 
Spiral Spacing                      : 1.5       in 
Figure 5-36 : Cross section for the column used in Case 10 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-37: Interaction diagrams for case 10 column (without strain hardening) 
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The transverse reinforcement has the same spacing as that of case 9 and almost the same 
spiral diameter (slightly smaller here). The concrete strength is less here too. Nevertheless, the 
results are much improved. Even though they compared very well to the unconfined curve, one 
point is just outside the reduced area curve, Figure (5-37). 
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Case 11: 
A third series of full scale columns was tested by the University of Illinois, Engineering 
Experiment Station in 1930. The column has the following parameters: 
Column Specifications: 
Column Diameter (H)          : 12       in 
Clear Cover                          : 1         in 
Longitudinal Reinforcement: 8#7    
f’c                                         : 1.58     ksi 
fy                                          : 43.5     ksi 
fyh                                         : 32       ksi   
Transverse Reinforcement  
Spiral Diameter                    : 0.177   in 
Spiral Spacing                      : 1.5       in 
Figure 5-38 : Cross section for the column used in Case 11 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-39 Interaction diagrams for case 11 column (without strain hardening)  
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The transverse reinforcement here has the same spacing as in case 9 but the spiral 
diameter is much smaller. The concrete strength is very smaller as well. However, the results are 
similar to these of case 9, Figure (5-39). 
In case 9, 10 and 11, almost all of the experimental points lay around the unconfined 
interaction diagram, although these points were taken from confined cases. This may be 
attributed to the fact that the test was performed long time ago. 
Figure (5-40) shows an experimental point to correlate well to the reduced area 
interaction diagram without steel strain hardening. Strain hardening is not realistic to implement 
here because the fyh = 32 ksi indicates that the spiral is truly mild steel. 
                 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5-40 Interaction diagram for case 11 column (with strain hardening)  
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5-2 Comparison with CSI-Section builder software 
 
Three different cases for unconfined concrete columns are compared to CSI-Section 
builder software of computers and structures Inc. The parameters of these three columns are as 
follow: 
 
Case 12: 
Diameter (H):          36       in 
Clear Cover:            1.5      in 
Longitudinal Steel:      13#11 
Spiral Diameter:                #5 
            f’c:                           4        ksi 
fy:                            60      ksi 
 
Figure 5-41 Cross section for the column used in Case 12 
 
Case 13: 
Diameter (H):          25       in 
Clear Cover:            1         in 
Longitudinal Steel:      12#10 
Spiral Diameter:                #4 
            f’c:                           4        ksi 
fy:                            60      ksi 
 
Figure 5-42 Cross section for the column used in Case 13 
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Case 14: 
Diameter (H):          20       in  
Clear Cover:            1         in 
Longitudinal Steel:      10#8 
Spiral Diameter:                #4 
            f’c:                           4        ksi 
fy:                            60      ksi 
Figure 5-43 Cross section for the column used in Case 14 
 
Figure 5-44 Unconfined Interaction diagrams using the present software and CSI Section Builder 
 
Figure (5-44) shows the excellent match between the curves plotted using CSI-Section 
Builder and the present software (KCE). It can be noticed that the KCE curves are slightly more 
conservative 
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5-3 Comparison with Mander concentric compression model 
 
To compare the predications of the present analysis against the well-known and widely 
used Mander model, the complete interaction diagram is generated using the Mander model, 
which is known to be valid for pure axial compression only, relative to the eccentricity based 
model. The parameters of the column examined are as 
follow: 
Column Diameter (H)          : 23.65 in 
Clear Cover                          : 0.8     in 
Longitudinal Reinforcement: 16#8 
f’c                                         : 3.857      ksi 
fy                                          : 43.5        ksi 
fyh                                         : 43.5       ksi   
Transverse Reinforcement   
Spiral Diameter                    : 0.394  in 
Spiral Spacing                      : 1.97    in 
 
Figure 5-45 Cross section for the column used to compare Mander model to Eccentricity based 
model 
 
 
 It is evident from the comparison, shown in Figure (5-45), that the present model is very 
accurate and just conservative enough compared to the experimental point. On the other hand, 
the Mander model is shown to be accurate as well but not conservative enough relative to the 
experimental point 
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Figure 5-46 Interaction diagrams by the present model and Mander Model 
 
To show this comparison when the confinement is more pronounced, another example 
column is analyzed by the two models. The column parameters are: 
Column Diameter (H)          : 12    in 
Clear Cover                          : 1      in 
Longitudinal Reinforcement: 8#7 
f’c                                         : 4         ksi 
fy                                          : 60        ksi 
fyh                                         : 60       ksi   
Transverse Reinforcement   
Spiral Diameter                    : #5 
Spiral Spacing                      : 1       in 
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Figure 5-47Comparison between the present and Mander model 
 
 
It is clear from Figure (5-41) that the present analysis is significantly more conservative 
than that of Mander model that indicates that the eccentricity based model is necessary, 
especially in confinement critical columns 
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5-4 Comparison of extreme cases 
 
Two extreme cases are compared to show the increase in column capacity, by considering 
the confinement effect; the parameters for the two cases are constant, except for those related to 
transverse steel reinforcement. Steel #3 with spacing of 3 in (maximum allowed by AASHTO 
code) is used in the first case, while the second case has steel  #5 and spacing equal to 1 in 
(minimum allowed by AASHTO code). The parameters used are: 
 
Case 1: 
Column Diameter (H)          : 12    in 
Clear Cover                          : 1      in 
Longitudinal Reinforcement: 8#7 
f’c                                         : 4         ksi 
fy                                          : 45        ksi 
fyh                                         : 45       ksi   
Transverse Reinforcement   
Spiral Diameter                    : #3 
Spiral Spacing                      : 3       in 
 
Case 2: 
Column Diameter (H)          : 12    in 
Clear Cover                          : 1      in 
Longitudinal Reinforcement: 8#7 
f’c                                         : 4         ksi 
fy                                          : 45        ksi 
fyh                                         : 45       ksi   
Transverse Reinforcement   
Spiral Diameter                    : #5 
Spiral Spacing                      : 1       in 
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Figure 5-48 Interaction diagrams for case 1(without strain hardening) 
Figure 5-49 Interaction diagrams for case 1 (with 5% strain hardening) 
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Figure 5-50 Interaction diagrams for case 2 (without strain hardening) 
 
Figure 5-51 Interaction diagrams for case 2 (with 5% strain hardening) 
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Figure 5-52 Increased Strength of Confined Columns with respect to Unconfined 
Capacity for case 1 and 2. 
 
Figure (5-52) illustrates the huge increase of confined column capacity, when the actual 
behavior is analyzed. In case 1, the ratio of increased capacity, with strain hardening, reaches 
around 190% more than that of unconfined concrete. In case 2, 230% increase in column 
capacity is achieved relative to the unconfined case. In case 1, the maximum gain in capacity 
takes place at the point of pure axial compression. In case 2, the maximum gain in capacity 
happens near the location of balanced point. Also it can be seen that the two curves, with strain 
hardening and without strain hardening for each case converge at the same point for the pure 
bending case as the effect of the lateral confinement vanishes. 
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5-5 Benchmarking of confined analysis with zero fyh 
 
This comparison was pursued to compare the baseline results of the confinement analysis 
algorithm by assuming the yield strength in the lateral confinement to be zero, and the 
unconfinement computations. 
 
Figure 5-53 Interaction diagrams for unconfined and confined analysis (with assuming fyh = 0) 
 
It is obvious in Figure (5-47) the excellent correlation between the two curves. This 
comparison evidently suggests the accuracy of the confined analysis algorithm. 
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5-6 Studying column different parameters relationships
 
 
This set of results is generated using the following 
parameters: 
 
 
Column Diameter (H)          : 36    in 
Clear Cover                          : 2      in 
Longitudinal Reinforcement: 8#14 
f’c                                         : 5         ksi 
fy                                          : 60        ksi 
fyh                                         : 60       ksi   
Transverse Reinforcement   
Spiral Diameter                    : #5 
Spiral Spacing                      : 2       in 
Figure 5-54 Cross section for the column used to generate different parameters relationships 
 
Figure 5-55 Change of area of compression zone with moment 
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Figure 5-56 Change of compression zone depth with moment 
 
It can be shown from Figure (5-55) and (5-56) that the depth of compression zone 
correlates well on most of the loading history. That is evident of the accuracy of the eccentricity 
based model. Accordingly the depth of compression zone can be related directly to eccentricity. 
It can be seen also that the curves deviate near the failure loading. 
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Figure 5-57  Moment- curvature relationships 
 
It is evident from Figure (5-57) that the moment-curvature relationship is similar for the 
entire range of eccentricities. The overall relationship may be approximated by a trilinear 
response. The first linear portion is the same for all eccentricities indicating the same initial and 
subsequent EI. It can also be seen that the ultimate curvature increases steadily from near axial 
compression to near pure bending cases. 
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strain at inelastic centroid 
Figure 5-58 Axial force – strain at inelastic centroid relationship 
 
It is evident from Figure (5-58) that P-εo relation ship is also closely trilinear for all 
eccentricities. However, the ultimate strain is greatest at near axial compression case and 
decreases gradually up to the case near pure bending. This is obviously the opposite of the 
observation of moment-curvature relationships. This is attributed to the fact that the curvature 
and εo are inversely proportional at ultimate failure since they are related through the linear strain 
distribution. 
 
 
 
 
 
 
 118
 
Figure 5-59 Change of inelastic centroid depth with moment 
 
It can be shown from Figure (5-62) that for compression controlled cases(small 
eccentricities) the depth of inelastic centroid decreases with increasing the load. While for 
tension controlled cases (big eccentricities) the depth of inelastic centroid increases with load 
increasing. 
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CHAPTER 6 - Software Development 
6-1 Introduction 
The software prepared using the object oriented programming “OOP”, within the 
framework of the visual C++ language, that is a useful tool to organize the program in different 
classes, and generate objects from these classes. This procedure is adaptable to simulate the real 
process, as well as it is flexible enough for modification and addition to the program 
As shown in Figure (6-1), the main two classes are material, which has concrete and steel 
inherited from it, and shape that define the cross section. The reinforced circular cross section 
class was generated by combining the three classes; concrete, steel and circle. Then, any analysis 
can be applied on this class. 
Figure 6-1 Classes Used in program structure 
6-2 Interface Design 
The interface was generated using the graphical user interface “GUI” which is a 
convenient communication tool between the user and the program. The interface is divided into 
five sections as shown in Figure (6-2): 
1- Data Input 
Figure (6-3) shows the four sub-sections; Geometric properties, concrete properties, 
longitudinal steel properties and transverse steel properties. 
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2- Graphics Input representation 
This section automatically generates sectional plan view and elevation view of the 
cross section, which is input in the Data Input section. It gives the user an indication 
of how the cross section looks like, and the properties of different component in order 
to avoid unrealistic errors in inputs. 
3- Plotting area (output) 
The plotting area section shows the required results curve/s. 
4- Selection tools (input) 
This section has different buttons which control with plotting interaction diagram 
curve/s as depicted in Figure (6-5): 
Plotting the three curves; confined concrete, unconfined concrete and design curves 
Plotting any one of the previous curves separately. 
Plotting a series of design curves for the full range of reinforcement ratio.. 
It has also buttons for optionally save or load cases defined in the “Data Input” 
section and print the “plotting area” section view 
5- Projection points input  
This section enables the user to input any numbers of points up to a minimum of 25, 
which show up immediately on the plotting area along side with the existing curve/s. 
 
 
 
 
 
 
 
 
Figure 6-2 Interface main sections 
1 2 3 
4 
5 
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Figure 6-3 Different Sub-Sections under the “Data Input” Section 
Figure 6-4 Interface view 
 
Unconfined concrete 
properties 
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Figure 6-5 Different views of the “plotting area” section 
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6-3 Analysis features 
As shown in figure (6-5), the program is capable of analyzing the circular cross section in 
a variety of ways. The actual capacity of the cross section is analyzed taking into account spiral 
confined effect, and generates interaction diagrams for the confined concrete and the unconfined 
concrete. 
 
6-4 Design features 
The software has the ability to plot design interaction diagrams according to AASHTO-
code, which disregard the confinement effect. As figure (6-6) illustrates, six design curves are 
generated with different ratio of steel to the gross section. This feature is a useful design tool that 
enables the user to select the proper ratio of steel. 
 
Figure 6-6 Design curves generated in the “plotting area” section 
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The software also has the option of plotting up to 25 points on  top of the design curves, 
as a convenient tool for design as shown in figure (6-7). 
The program is expandable to include any cross section, as well as any model or analysis 
to be applied to any cross section. It is also adaptable for considering any type of external 
confining like steel tubes and FRP wrapping. 
 
 
 
Figure 6-7 Design curves with points 
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CHAPTER 7 - Conclusions and Recommendations 
7-1 Conclusions 
This thesis accomplished several objectives at the analysis, material modeling, design 
implications and software development levels. It may be concluded that: 
1- The new eccentricity-based model predicted the results accurately compared to 
the concentric type models for the entire range of eccentric loading. 
2-  The unconfined concrete assumptions at pure bending are accurate as 
evidenced by comparisons to experimental results. 
3- The fully confined concrete assumptions at pure axial compression are accurate 
when the clear cover is removed as evidenced by close comparison to 
experimental results. 
4- The unconfined concrete analysis is benchmarked successfully against well-
established software for a range of design parameters. 
5- The confined concrete analysis procedure is completely different from the 
solution strategy of unconfined concrete analysis. To benchmark an extreme 
case of confined analysis, fyh is set to zero to match the results of unconfined 
analysis. 
6- The partial confinement utilization is examined against e/H ratio at various 
loading levels to generate insights on the effectiveness of the eccentricity-
based model. 
7- Extreme confinement design parameters are selected to study the 
improvements of confined to unconfined behavior under different 
eccentricities. 
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8- The Mander model is shown ineffective when the hoop (or spiral) 
reinforcement diameter is very small. This was evidence by having the 
experimental data points scatter around the unconfined interaction diagram. 
9- The software is developed effective for preliminary design when the options of 
interaction diagrams of various reinforcement ratios are plotted against the 
demand. 
10- The software developed is effective for assessment of ultimate capacity for 
extreme load cases as compared to unconfined results. The graphs are readily 
available against the actual demand as well. 
11- The strain hardening feature is added to push the ultimate analysis to simulate 
the actual case especially when higher strength steel is used for longitudinal 
reinforcement 
7-2 Recommendations 
This work should be extended to address the following areas: 
1- Model FRP wrapping on confinement effects for circular columns. 
2- Model cover spalling and corrosion of longitudinal and transverse steel for 
circular columns 
3- Model the unconfined, confined and design interaction curves for rectangular 
columns under axial load and biaxial bending. 
4- Model FRP wrapping on confinement effects for rectangular columns. 
5- Model cover spalling and corrosion of longitudinal and transverse steel for 
rectangular columns. 
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